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THE STRESSES AROUND A FAULT OR CRACK 
IN D ISS IMILAR MEDIA  
By M. L. WILLIAMS 
ABSTRACT 
In order to investigate some problems of geophysical interest, the usual consideration f symmet- 
rical or antisymmetrical loading of an isotropic homogeneous plate containing a crack was ex- 
tended to the case where the alignment of the crack separates two separate isotropic homogeneous 
regions. It develops that the modulus of the singular behavior of the stress remains proportional 
to the inverse square root of the distance from the point of the crack, but the stresses possess a 
sharp oscillatory character of the type r -~ sin (b log r), which seems to be confined quite close 
to the point, as well as a shear stress along the material joint line as long as the materials are 
different. 
The off-fault areas of high strain energy release reported by St. Amand for the White Wolf 
fault are qualitatively shown to be expected. 
As h logical extension of a previous plane-stress or plane-strain problem 1 which 
dealt with the stress distribution at the base of a stationary crack in an isotropic 
homogeneous material, it is proposed to discuss the characteristic behavior of the 
stress in the vicinity of a crack between the plane-bounding surfaces of two dis- 
similar materials. The problem was suggested by a possible application to situations 
in geological investigations dealing with fault lines along the interface between two 
layers of rock strata, but it may also apply to certain weld joints which, owing to 
faulty joining techniques, or for that matter applied loading, develop cracks along 
the original weld line. 
The geometry considered is that of a material M1 occupying the upper half plane 
and a material 2142 in the lower half plane, joined without residual stress along the 
positive x-axis, or positive radial direction r measured from the origin along ¢ = 0. 
The elastic plane stress solution is therefore desired for unloaded edges along the 
negative x-axis. 
In the previous homogeneous case where M1 = M2 it was found that the stresses 
near the base of the crack became (mathematically) infinite according to an inverse 
square-root law, a ~ r-i. The interesting question which arises concerns how the 
character of the stress is changed as a result of the discontinuity of the material 
properties across the line of crack prolongation. 
OUTLINE OF SOLUTION 
Reviewing the method of solution which is naturally very similar to the homo- 
geneous case, a biharmonie stress function x(r, ¢), that is, a solution of 
V4x(r, ¢) -- 0, (1) 
is to be found such that the normal stress, a~, and shear stress, r,.~ vanish along 
¢ -- q-~r, and further that the displacements and stresses are continuous across the 
material demarcation line ¢ -- 0. 
Manuscript received for publication August 8, 1958. 
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Typical  solutions are chosen of the form 
x(r ,  ~b) = r x+~ F (¢) = r x+~ [a sin (X q- 1)¢ q- b cos (k + i )¢  
q- c sin (X - 1)¢ q- d cos (X - 1)¢~} , (2) 
where the  usual relations between stresses, displacements, and stress function are 
given 2 as 
1 02x  1 Ox  _ x_~ [F"(~b) + (X + I )F(¢) ]  (3) 
z~ - r~ O~ 2 + r Or 
02X -- r x-' X(X q- 1)F(¢)  (4) 
~o - -  Or e 
1 02x  10x  Xr x - '  F ' (¢)  (5) r~ = - -  - + - 
r OrO0 r ~ O0 
L X u¢ = 2ur  { - -F ' (¢ )  -- 4(1 -- ~) [ccos(X -- 1)¢ -- ds in (X  -- 1)¢]} (6) 
1 X u~ = g - r  {--(X q- 1)F(¢) + 4(1 - a) [csin(X - 1)~b q- dcos(X  - 1)¢]} . (7) 
Here ~ is the shear modulus and ~, in terms of Poisson's ratio, v, is z = p/(1 + v). 
The primes denote differentiation with respect o ~. 
As a mat ter  of notat ion, let the quantit ies in the regions M~ and Ms have the 
appropr iate subscript F~, F2; X~, X2; a~, a2; v~, v2; etc., respectively. With  this con- 
vention the first four boundary  conditions for free edges at ¢ = ±v become 
FI(~) F; (~) F~( -~)  F '  = = = e ( -~)  = 0 ,  (8)-(11) 
and upon noting that  Xl -~ M in order that  the second four boundary  conditions 
be independent of r, there results 
F~ (0) = F2 (0) (12) 
! ! 
E l  (0) = F2 (0) (13) 
2_  [ -F I  (o) - 4c1(1 - ~)] = A_ I -F ;  (0) - ~.(1 - ~2)1 
2#i 2~2 
(14) 
--1_ 1 
2Ul [ - (x  + 1)Y, (0) + 4&(1 - ~I)1 = E~ [ - (X  + 1)F, (0) + 4&(1 -- ~2)] . (15) 
2 S. Timoshenko and J. N. Goodier, Theory of Elasticity (New York: McGraw-Hill, 1951). 
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Substitut ion of Fl(~b) and F2(~b) in (8)-(15) leads to the following eight homo- 
geneous linear equations in the eight unknowns a~, a2 • • - dl, d2. 
a~ sin (X q- 1) 7r q- b, cos (X q- 1) ~r q- c~ sin (X - 1) 7r 4- d~ cos (X -- 1) ~r = 0 
- a2 sin (X + 1) ~r + b2 cos (X -}- 1) ~- - c2 sin (X - 1) ~r -t- d2 cos (X - 1) ~- = 0 
a~ (X q- 1) cos (X -ff 1) ~r - b~ (X 4- 1) sin (X 4- 1) 7r 4- c~ (X - 1) cos (X - 1) ~r 
-d~(X--1) sin(X- 1)~r=O 
a: (X q- 1) cos (X 3- 1) 7r q- b o (X 3- 1) sin (X 4- 1) 7r q- c~ (X - 1) cos (X - 1) 7r 
q -d2(X-  1) s in (X -1)~r=O 
bl 4- dx = b2 A- d2 
(X -4- 1) a 1 -~ ()k - -  l )  Cl = (X + 1) a~ -t-- (X -- 1) c2 
4(1 -- o~) c, = 4k(1 -- o2) c_, q- (k -- 1)[(X q- 1) a~-4- (X -- 1) c2] 
4(1 -- o~)d~ = 4k(1 -- 0.2) d2 - (It - 1) (X-l- 1) [b2 A- d.~], 
where the shear modulus ratio k -- g~/g2 has been introduced. 
A nontrivial solution for the constants exists if the determinant of the eight equa- 
tions vanish. After some algebraic simplification, the determinant can be written in 
the form 
cot~X~r+ [2k( l -a2) - -2 (1 -o~) - (k -  1)12 =0 (16) 
TIlE HOMOGENEOUS CASE 
When the material in both regions is the same, o~ = o2 and k = gl/p2 = 1. Thus 
(16) reduces to the simple form 
cot 2 XTr = 0,  (17) 
and by inspection the eigen values are 
k= (2n~-1) /2  n=0,1 ,2 , .  • • 
= 1/2 ,  3 /2 ,  5 /2 ,  • • • 
(18)  
where negative values of n have been excluded so that  the physical displacements 
u~ and ur are finite as the origin is approached, i.e., the stress function and its first 
derivative xist along the boundary.  
Thus an infinite number  of X~ exist with the lowest- - the one controll ing the stress 
behavior near the base of the crack, r ~ 0---being Xmin = 1/2. Hence the local stress 
behavior, f rom (3) to (5), is of order o ~ r x-~ = r-~. 
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ThE BIMATERIAL CASE 
It  is immediately evident from (16) that no real solutions exist for different materials 
as this equation is the sum of two positive terms equated to zero, which solution is 
the homogeneous case. Nothing excludes the admissibility of complex values of the 
eigen parameter, however, and upon assuming X ~- X~ + iXi it is quickly determined 
that 
[tan 2 X~r + 1] tanh Xpr 
tan ~ X~Tr + tanh ~ M" 7r 
= 4- 2k(1 --  z2) -- 2(1 --  ~)  - -  (k - -  1) (19) 
2k(1 -- o-~) + 2(1 - a~) 
tan X~[1 - tanh 2 X;~r~] = 0 • 
tan 2 X,lr + tanh 2 Xpr 
(20) 
Two sets of solutions ~re possible. The first, from (20), if tan k~Tr = 0 giving 
M = n = 0, 1 ,2 ,3 ,  - - - 
1 I2 /c (1 - -  a~) - -  2 (1 - -  ~) - - ( /~- -  1)1 # 0 
X~- = =t: ~r- c°th-1 2k(1 -- g~ -+ 2-~ --  ~) 
The second solution occurs, from (20), if tan Xrr = co giving 
X~ = 1/2, 3 /2 ,5 /2 , -  • • 
Xj : t : l tanh- l [  2k(1 -- a2) - -2 (1 -  z0 - -  (k - -  1) 1 
= + 2(2 = 
which is observed to approach the homogeneous material solution (Xj -+ 0, as as --~ ~2 
and k --+ 1). 
DISCUSSION OF THE SOLUTION 
The stresses from the second solution are therefore seen to behave, for the minimum 
eigen value, according to 
x-1 r (x , -  I)::k o,~. o- ,...~j r r.~ 
or  
r_~/~ /\{sin} (hi log r ) ,  
~ \COS/  
which is of an oscillating character with its maximum modulus determined by r-~ 
which is the same bound as determined in the case of homogeneous materials. 
Indeed, for this special case it was shown that X5 = 0 for all roots, and the results 
are seen to be identical with those of the previous more comprehensive anMysis. 
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Turning to a further consideration of the oscillatory behavior, consider a case 
when ~, -- v2. Then 
Ikji = l tanh-~ 1 -~ k - -1  ~l_tanh_~ 1-u  1 
2 k+ ~ - -2 -~ 
so that the first zero as the origin is approached would be of the order of [ X~- log r I --~ 
~/2 or [log r l "~ -7  and hence with the radial dimension expressed in terms of 
some characteristic distance in the plane of the plate, say R, r /R  ~ e -7 ~ 10 -3. A 
pronounced oscillatory character of the stress, on the basis of this qualitative calcu- 
lation, would therefore appear to be confined quite close to the base of the crack. 
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Fig. 1. Distortion energy distribution ~t constant radius for symmetric fault loading. 
The first solution, however, bears further examination owing to the existence of 
the pure imaginary solution X = iXj for n = 0. The displacements hen appear to 
be finite u ~ r x ~ r ~+x~ so that 
and stresses of the form 
(s in )  
u ~ (),j log r) 
' , , cos /  
_, (s in~ 
~ r (X~ log r) , 
\ cos /  
which would result in a stronger stress singularity than the r - t  behavior found in 
the second solution. 
It is believed, nevertheless, that the proper interpretation would require that the 
displacements end to zero as the base of the crack is approached. Thus the value 
of n = 0 would be excluded and the two sets of eigen values would be intertwined-- 
the lowest, however, being generated from the second set. The latter set yields the 
physically expected homogeneous case as the materials Mj and M2 become the same. 
On this basis, therefore, one would expect very high strain concentrations at the 
ends of a fault. Indeed, for the elastic homogeneous case it was shown that the strain 
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energy stored:in the medium was not uniformly distributed over a peripheral region 
about the end of the crack, but at a constant radius was one-third higher at -~70 
degrees to the left or right of the direction of crack prolongation than directly 
ahead (fig. 1). Further graphs and additional formulas for symmetrical and anti- 
symmetrical loading are given in detail for the case of similar materials in Williams, 
op. cir. (n. 1). 
Dr. Beno Gutenberg has pointed out the interesting feature to the writer that the 
areas of maximum energy release reported by St. Amand 3 also seems to occur ahead, 
but to the side, of the fault direction and hence is qualitatively in agreement with 
the previous calculations. 
8 Pierre St. Amand, "Two Proposed Measures of Seismicity," Bull. Seism. Soc. Am., Vol. 46, 
No. 1, January, 1956. 
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